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Problem 1a.
(a){ Ut = e = e”
u(z,0) = cos(zx),ut(x,0) =0

Solution 1la.
We have the 1D wave equation with a source and nonzero initial data. Solve
using the superposition principle

U=v+w,

where v solves the nonhomogeneous equation with u(z,0) =0 and w solves the
homogeneous equation with f(z) =e™.
The solution of w follows Duhamel’s Formula:

w(x,t) = f fZHC(t S)f(y, ) dy ds

c(t
The solution of v is given by:

x—ct

:%(g(x—ct)+g(m+ct))+%[ , h(y) dy

T+c

t z+c(t-s) _
w(x,t) = f [ e Ydyds
0 z—c(t-s)

t t t
= [Le i ds = [ [me et g e s [T (] ds
0 0 0

Here we have ¢ =1, f(z) =e™*, g(z) = cos(x), and h(z) = 0.
The solution is of the form

Then we have

w(z,t) = %(f(a: )+ f(z+ct))+

Problem 1b. ,

(a) 4’U¢t - 9Um =€
u(x,0) = e, us(z,0) = cos(2x)



Solution 1b.

Problem 2a. 1
CF(s)= ———
(). () s(s2+4)
Solution 2a.
First decompose F'(s) into V(s) and U(s):
1 1
F(s)=~- .
(s) s s2+4

Which gives
1
V(s)===v(t)=1;
s

1 1 .
U(s) = EIwint u(t) = 3 sin(2t).
The convolution theorem tells us that
t
E_l{V(s)U(s)}(t) =(vx*u)(t) = / v(r)u(t—r)dr.
0

Hence,

L7HF(s)H(t) = L7HV(s)U(5)}(t) = fot %sin(Z(t — 7)) dr.

Computing the above integral gives

t

LUF())(E) - %[—005(2(75 _r))- ‘71]; _ i[cos(% ~2n)]

= i[cos(% - 2t) - cos(2t - 0)] = i - i cos(2t).
Problem 2b. 1
b). F(s) = ——
(b). F'(s) s2(s+1)
Solution 2b.
First decompose F'(s) into V(s) and U(s):
1 1
F(s)= - ——.
(s) s2 s+1

Which gives
1
V(s) =5 =o(t) =t
S

U(s) = 54% =u(t)=e".

The convolution theorem tells us that

LHV()U(s)}(t) = (v u)(t) = At v(r)u(t—r)dr.



Hence,
E’l{F(s)}(t):L*l{V(s)U(s)}(t):fo e (1) g

Simplifying the above integral gives

LTHF(s)}(t) =€t fOtTeT dr=e"I.

Integration by parts: u=7r,du=dr;v=e",dv=e"dr.
I-= [rer](t) - fot e"dr= [tet] - [et - 1]

LHE(s)}(8) = e"te! = et 1] =[e 4t -1,

Then,

Problem 2c.

1
b). F(8) = ————
(b)- F'(s) s2(s2+4)
Solution 2c.
First decompose F'(s) into V(s) and U(s):
1 1
F(s)=—- .
(s) s2 s2+4

Which gives
1
V(s) = g v(t) = t;
U(s) = b = u(t) = 1sin(2t)
Cs+l 2 '
The convolution theorem tells us that
t
LHV(s)U(8)}(t) = (v *u)(t) = fo v(r)u(t—r)dr.

Hence,

LTHE(s)}t) = LTHV(s)U(s)}(t) = %[Otr~sin(2(t—r))dr L

5
Integration by parts: u=1r,du =dr;v = %cos(% - 2r),dv = sin(2t - 2r).

I= L 2t-2 ' 'l 2t-2r)d
= [r-icos( - T)]O—fo écos( - 2r)dr
t 1 t

=5 cos(2t—2t) -0+ Z[sin(2t - 27")]0

t 1 t 1
3t Z(sin(Zt - 2t) —sin(2t) = 371 sin(2t).



sin(2¢), | since £-{F(s)}(t) = g

= L7HF(s)}(t) =

1
8

t
4

Problem 3a.
Note: I solved this problem with partial fractions. There wasn’t a requirement

for convolution theorem on problem 3.
(a). 3u’ = u—cos(t),u(0) =2

Solution 3a.
3u’ =u - cos(t)
L(3u") = L(u~-cos(t))
3L(u") = L(u) - L(cos(t)

s
3(sU-2)=U -
(s ) s2+1
U(Bs-1)=6- —>
- s2+1
2 _
- U 6s°-s+6

T (3s-1)(s2+1).
Partial Fraction Decomposition:

A +BerC_ 6s>—s+6
3s—1  s2+1  (3s-1)(s2+1)

<~
A(s*+1)+ (Bs+C)(3s-1) =65 —5+6
As’+ A+3Bs®>-C+3Cs-Bs=6s>-5+6

A+3B=6 1 3 0)\/A 6
-B+3C=-1 <= |0 -1 3||B}|=|-1
A-C=6 1 0 -1)\C 6

Which has the augmented matrix

1 3 0| 6 1 3 0| 6 1 3 0] 6
0 -1 3 |-1 — 0 -1 3 |-1 — 0 -10 O |-1

This gives

1 0 -1]6 0 -3 -1|0

1 3 0
— 0 1 0

0 -3 -1

ogl-o
v
—
O O =
o= o



Rewrite U as

_ " +%s—1%: 9 1 s-3 19 1 1 s 3 1
3s-1  s2+1  10(s—3) 10 s2+1 10 s—5 10 s2+1 10 s2+1

Recover u(t) with Inverse Laplace Transform

) 19 ., 1 1 . 3 .y 1
- B () e () B ()

<
19 1 3
U(t) = Toeg + E COS(t) - E Sln(t)

Problem 3b.
(b). 2u' - 5u = 2%, u(0) = -1

Solution 3b.
U and V refer to U(s) and V (s), respectively.

2u' — 5u =2e%

—
L(2u" -5u) = L(v(t))
2(sU+1)-5U=V
V-2
25 -5
Applying Inverse Laplace Transform to both sides,

:>U:

_2
2s-5
1

L) =u(®) = £ - 5

Vv

_3
2

1

5t
—ez2".
=3 )

) - L7

_Llaa Ly
= 5L )= 5LV

_3
s $—3

By the convolution theorem, first term is reduced to

1 rt 1 rt t 2 2 2

— f v(r)u(t-r)dr == f 20376~ 2(t=T) gy — o2t f e2" dr = e—2t,,[e%r]8 _ ZomateSt_Z ot
2 Jo 2 Jo 0 9 9 9
Which gives the final solution

2 5, 2 5
u(t) = ze2t - Ze™2 g2t =| g2t~ "¢
9 9 9

Problem 3c.
(o). v —u=e"u(l)=3



Solution 3c.
Start with a subsitution with ¢ = x + 1 which gives
u(t) =v(z+1)=u(l) =v(0)=3

1)/ —y= e—(aHl)
<
LV -v) = L{e”@*D)
sV -3-V=W

_W+3 W N 3
S os-1 s-1 s-1

v

o(t) :£‘1($~W) +3e”

By the convolution theorem, the first term is reduced to

/ v(r)u(xz-r)dr = f e (D@ gy — g1 / e dr=el-C
0 0 0

Hence

1 1
v(t) =3e” — —e ¥4 2t
2 2

Recover u(t) with z =¢- 1.

u(t) =|3e™t + Zet? - —et




